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Considered is an automatic control system with nonlinear characteristics
of the control object and with an essentially nonlinear characteristic
of the controlling element. '

With the aid of Liapunov’'s method [1 ] an investigation is made of the
stability of the undisturbed motion of the system for the case when the
characteristic equation of the system has two zero roots, and when all
its other roots have negative real parts. Use is made of certain results
obtained earlier by Kamenkov [ 2,3 ].

1. The equations of the disturbed motion of the system are assumed to
have the form

dz n+1
7d7k= Z bkaxa‘f“nkmn—lrsl (k=1L..,n4+1)
a=1
dx sy
M2 —f(0), 0= D Pafa + Pris¥nis (1.1)
a==]

Here the x, are generalized coordinates of the control object; x . o
is the coordinate of the controlling element; o is the control signal,
and by, n,, Py, P, o are known constant parameters.

We shall assume that f(o) can be approximated by a function of the
form

f (@) = Ko&¥ + KoM+t 4 | || (N>2) (1.2)

Let us suppose that the characteristic equation of the object of con-
trol has one zero root and n roots with negative real parts. This corre-
sponds to the neutrality of the object with respect to one of its n + 1
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coordinates and stability with respect to the n remaining coordinates.
Therefore, the characteristic equation of the entire system will have
two zero roots; for example, let A, =A . o = 0. The remaining roots
Ay +..y A, will have negative real parts.

The problem considered in this note is the determination of the con-
ditions of stability of the undisturbed motion of the system (1.1) under
the above-made assumptions.

2. Let us assume that the roots of the characteristic equation of the

system {(1.1) are known. We reduce the system (1.1) to the canonical form
of Lur'e [4 ]

dz

=10

dz,
= =hsZs + / (0) (s=1,...,n), 7t

§§=2 Bszs + Bnyr2np1—r/ (9) (2.1)

Here, A,, ..., A, are nonzero roots of the characteristic equation of
the object of control. The parameters of the transformation

n+1
25 =2 Csa$a+xﬂ+2 (s=1,..,n41) (2.2)

a=1
and also the quantities B8, ..., 8, +1 are determined by the method
given in[4 ].

It is obvious that the characteristic equation of the system (2.1)
has two zero roots, while the remaining n roots have by hypothesis
negative real parts.

Let us set ¢ = oL+ Alz1 + ...+ Anzn. Then

%——:finﬂ Zn1 + 2 B — Aaha) 2 — f(0) [ ‘2 Aa r}
a=1

a=1

Next we set A, = 8 /A, and introduce the notation o, = x:

Bﬂ+lzn+1_Bf(U)=y, A1+...+An+r:B

The system (2.1) can then be represented in the form

d d:
a.%’:y, d—i’::Y (z, 9, 21, . . ., 2n)
dz
.aﬁs_ = Mszs + X, (xvgf £2 YRR Zn) {s=1,..., n) (2'3)

Here
c=0(z,y 21, ..., &), X.=f (o)
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Y = Bugs £ (0) — BENoV={y + DAy lhaza + f ()} +. .
o]

The expansions of the functions Y and X, in power series will not con-
tain any terms of degree less than two.

Following {2 ], we can write the functions Y and X_ in the form

Y, 9,20, ., 20 =Y, (2, y) +Y1(z, ¥ 21, ..., 2,
Xt (33', yv 21y« . zﬂ} = XSO (fl?, ?/) + Xs} (I? Y, 51, ..., Zn) (2*/’)
Here
Yi(2z,9,0,...,00 =0, Xy (2,9, 0,...,0 =0

and the functions Y (x, y) and X (2, ¥), in accordance with [2], are
expressed in the form

Yo (@ y) = fo (2) + yPo (2) + 12 e (2) + . . . (2.5)
Xy (2, 9) = fs () + y9s (@) + s () + . ..
Here
fo (2) = agpa® -+ . . |, @ (2) = by + . ..
fo () = ag2% + ..y @y (2) = beyts + . . .

We thus obtain the following equations for the system under consider-
ation:

fo(@) =Kz, @p(z) = (@) = ... =0, fo(2) = BnpKa¥ — BRIV D) 4,225,

§:=]

@p (2) = — BENzV-1, g, () = ... =0

Therefore
8y =BnyiK, 0 =N, by=—BKN,By=N—1

Next, in order to simplify the construction of the Liapunov-Chetaev
function, we introduce the transformation

Zs = Ys -+ U (SL‘) + Yus (x) (2.6)
The functions us(x) and vs(x) have to be determined in such a way
that the degree of the lowest-degree term in the expansion of the func-
tion f_(x) be not higher than the degree of the lowest term of the ex-
pansion of fy(x).

By retaining the notion (2.5) in the transformed system, we obtain
the following equations for the determination of the functions u (x) and
v _(x):
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As ug (x) + /s (x) + Xy (.’IJ, 0,u) =0 (27)
Vs (2) @, (2) + @5 (2) = 0 (2.8)

It is important to note that the lowest-degree term in x of thé func-
tion u (x) and v (x) are equal to N and N - 1, respectively. For such a
choice of the functions u_(x) and v _(x), the validity of the equations
fo(x) = = v (2)fy(x), and ¢ _(x) = — v (2)¢;(x) will be guaranteed, and
hence the made assumptions will also be fulfilled. The quantities a,

by, a,, By will hereby not be changed, but in the transformed system we
have
a >0y +N — 1, Par >0y + N — 2 (2.9)
We can represent the transformed system in the form
[0}
d d - Dk
E;:y, a-?::fo (.’I}) + y(po (x) + PN +{ 2 xkxy’lep(lu,kz)(yl’ ey yn)}
Ky k=0
4y, - o D ok
=My L (@) 2 ea(@+ 2 ghyRPeR) (g, L, )
k=1 ky-tky=0
(s=1,...,n) (2.10)

The conditions (2.9) exclude the effect of the nonlinear terms of the
right-hand side of the third equation of (2.10) on the stability of the
system, It remains to transform the system (2.10) in such a way as to
exclude the effect on the stability of the terms contained within the
braces of the second equation of (2.10). It was shown in [3 ], that such
a transformation, which does not change the stability problem, does
exist and can be found. The summation on the right-hand side of the
second equation of (2.10) can thus start with the indices k; and k,
satisfying the condition k; + k, > @y + N - 1. This transformation does
not change the first aj + N — 1 terms of the expansion of the function
fol2) in powers of z, and the first a; + N - 2 terms of the expansion of
the function ¢;(x) in powers of x. Thus, having established the existence
of such a transformation it may still be impossible to perform this
transformation because the aj, b, a,, and B, may not change.

After the performed transformations, the criterion of stability can
be obtained by the method of [2 ]. For the stability of the undisturbed
motion of the system (1.1) it is necessary and sufficient that the
following conditions be fulfilled for odd N:

BriK < 0, BKN > 0 (2.11)

The requirement that N be odd can be reduced to the requirement that
the characteristic of the controlling element be odd. The condition
(2.11) makes it possible to construct the region of admissible values of
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the parameters of the control system by starting with the stability of
the undisturbed motion of the system (1.1).

3. Let us consider the case when the roots of the characteristic equa-
tion of the system (1.1) are not known. One can determine the indicated
properties of the roots of the characteristic equation of the system in
this case directly on the basis of the coefficients of the equation by
the Hurwitz-Routh criterion without solving the equation.

Let us consider Equation (1.1). We introduce the following trans-
formations:

n+42 n-t2
X == 2 A;‘.xk, Y= 2 B;&Ck (3.1}
k=1 k=1

The coefficients A, and B, are determined by means of the equations

dx dy
i=Y EE:Y(xl,...,xn.M)
Here Y(xl, vevs Xpy 2) is a holomorphic function of its variables

which does not contain any terms of degree less than two.

For the determination of A, and B, we obtain identities which give the
required number of equations

n+2 n+1 n42

D Ax ( D biata -+ nkxn+z) = D\ Byy

k=1 a=} k=1
n-4-2 n+1 (32
2} Bk( 2 bratty + nkwn+2> =0 )
k== a=1

Finding A, and By, one can, by means of (3.1), express z, , and

X, 9 in terms of x, y, z;, ..., x, and substitute them in the system
(1.1). Then the system (1.1) will take the form
dr __ d_y_
=% = Y (2, 4y Z1y + + +» Tn)
dz e
7;’-.—__ 2 Gsx Za + P52 -+ qsY (s=1,...,n) (3.3)
a==1

Here
S oo ~B A, UG
6= NPt t P+ Py ¥ = Bagaf (0) + Anpa g
a=1

Introducing the transformation x_ =y, + C.x + Dy, and determining
C, and D by means of the equations
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Zanca + PDs = 01 Z qsaDa + qs — Cs =0 (34)
a=1 a=1

we obtain in place of (3.3) the following system:

dx dy
== EZZ"Y(x’ Yy Yly o+ +y Yn)
lys i
(—E: 2 Gsa Y= + X, (x, Yo Y1y o o o yﬂ) (s=1,...,n) (35)
a=1

Here

0= ,%‘_! pa’xa’l’(épalca + Px>$ + (ipa'Da'*_pU)y
a=1

a=1 a=]

Y = Bpyof (6) + Apy,KNoN—1 {ém’(ﬁi anyB)—
=1

a=1

— élpalDal:Bn-Hf(G) + Ants %ﬁ?—)]—k(élpa'é’a + px>?/ +

+(°§1 P Dat py)[Bosof (0) + dnin DL Xo=— DY

We retain the representations (2.4) and (2.5) for the functions Y and
X,. Expanding the expression for Y, we find the following lowest-degree
terms of the expansions of the functions f,(x) and @) (x):

a, = N, fo =N —1, a =N, Be =N —1

n N
ao S Bn+2K< Z palca +Px>
a=1

N-—1 N

by = NKBn+2(i Pa'Catp:) (épa’0a+py)+NKAn+2( i ps'Ca +px)
a=1 a=1 a=1

The system (3.5) has to be subjected to transformations which make it
possible to judge the stability of the motion just on the basis of the
terms with f (x) and ¢ (x). Omitting the discussion and derivations,
which are analogous to the earlier ones, we shall write down immediately
the necessary and sufficient conditions for the stability of the undis-
turbed motion of the system (1.1).

N has to be an odd number, and
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n N
KBn+2 (2]-’&,00( -+ px) <0

a==1

N—1 N

J!VKBnAlﬁg(Zpa’Ca —+ Px) (IZPa'D v Pu) ”Jr‘NKAn-H(ZPa/Ca + px) <0
=] a=1 a=1
(3.6)

Just as in the preceding case, the requirement that N be odd can be
reduced to the requirement that the characteristic of the control ele-
ment be odd, and the conditions (3.6) make it possible to construct the
region of admissible values of the parameters of the control system by
starting with the stability of the undisturbed motion of the system
(1.1).

4. Let us consider the case when the condition a, > 3, is violated,
i.e. when B > a;. It is obvious that in this case the problem on sta-
bility cannot be solved on the basis of the lowest-degree terms of the
expansion of the functions fy(x) and ¢,(x), and that it is necessary to
take into consideration higher-degree terms.

Suppose that ay < 0, a; is an odd number, and 8, > (ay - 1)/2, or
;30 > m where a, = 2m + 1.

Without changing the problem on stability, let us introduce the trans-
formation
z=rcosf, y=—rmtigin g (r >0

In place of (2.10) and (3.5) we then obtain the system

& PRy (0) 4 R, (8) . e SR (0, 31, s 3]

k=0

28 —1m Qo (O)+7™HQa (0) + . . . bretN=m S HQy (B, 31, . . ya) (1)

k=0

d (ee] fe o]
?yts. = Pyt + + « . Pentin + retN D rERL(8) + LZ P*Lee (8, Y1, « « ., Yn)
=

k=0

Here
g) — (m+1)sin® § + cos?™+20
Qo (6) = 1--msin?g

Rk(G,O,...,O)—':O, Qk(G,O,...,O)ZO, Lsk(B,O,...,O)zo

Following Liapunov {1 ], we define
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2 \g; d8

We next introduce the notation
‘ R
G(6)=S<g1—Q—:)d6

0
We note that G(@) is a bounded periodic function of 6 of period 27.

Assuming that g, # 0, we introduce the substitution
p = re6® (p>0)

We now pass from the system (4.1) to the following system:

90 — pmHgaP1 (8) 4 pmHPy (6) ... + preEN—m D kP (8, 1, oy ) (4.2)

k=0
)
46 _ mp (6) pmHF (6 atN—1—m %
5= 0 p 1(0) + ...+ p= 29 k(evy11-"’yﬂ)
k=0
dy [e o] [eo]
7{; = DPal1 I Psn¥Yn +Pa°+N E PkMsk(e)J[‘ Z PkWsk(ey Y, . . o yn)
k=0 k=0
(s=1,...,n)
We take Liapunov’s function in the form
V=p4+Vi(yy, ...,y (4.3)

where

oV
Zayl Payr + ...+ pntn) = & (y* + . ..+ yad)
s=1 7%

It is clear that if g, > 0, the form V, will be negative-definite,
and if g, < 0, the form V will be pos1t1ve -definite.

Taking into account (4.2), we obtain

T = 6100 (8) emSOpmh gy (gt Ly + P (6) +

co PN SV RP (8, ya, ., Yn)

k=0

£ 38w 3 ot Sows ]

s=1 Ys =0
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Analysing the expression for dV/dt, we find that the sign of dV/dt is
determined by the sign of g, for small enough values of p, Yir cves Ype

If g < 0, we have stability of motion; if g; > 0, we have instability
of motion.

Determining R,(6) and Q,(6) for the given system, we find that a con-
dition of stability of the undisturbed motion of the systems (2.10) and
(3.5), with a; < 0, B, > (ay ~ 1)/2, is given by the inequality

(&3

7T
R sin § cos § + ag cos™ § sin §
o
s

Yy (N 4-1) sin?f— a cos™¥ 11

9> 0 (4.4)

The number N has to be odd. The condition (4.4) connects the para-
meters of the controlling element with the parameters of the object of
control,

In case g, = 0, one has to pass to the next higher element, define

o
2
nggﬂde

S
and carry out the investigation from here on as before. If, however, g,
is also zero, then one has to find the first number g, distinct from
zero. If it is impossible to find such a number k that g, # 0, while
gy = --- = gg_1 = 0, then the problem on the stability of the given

system remains unsolved.

5. Let us consider the case when the right-hand side terms of the
first n + 1 equations of the system (1.1) contain nonlinear terms.

Suppose that in place of the system (1.1) we are given the system

n-+41
dx, ’
P 7ala Z braZa -+ Aplnig - @y (331, RN $n+g) k=1,...,0+1)

a==1

dxn+2 'R+1 _
= f(a), 6= Paa - Pristnie (>.1)
dt
a=1

The variable coefficients have here the same meaning as before; the
function f(o) has the form (1.2), and the expansion of the function @,
in powers of its variables contains no terms of degree less than two;
the roots of the characteristic equation of the system (5.1) are assumed
to have the properties specified earlier.

Let
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n+2 n-42
D= N dratia® + 3 Muata®  (h=1,...,041)
a=1 a==]

Applying the transformations considered above to the system (5.1), we
obtain a system of the type (3.5) where

5 = i pa’xa -+ ( élpa'ca b px>:€ —+ (élpa'ﬂa -+ Py)y

a=1
) "o 4, % 4t (9)
Y:23k®k+2Ak‘aT+Bﬂ+2f(ﬁ}+An+z 7
k=t k=1

Xi=—D, Y 4 @, (s=1,...,n)

For the functions Y and X we again use the representations (2.4) and

(2.5).

For the system under consideration we find that ¢, = 2, 8, = 1, and
that the quantities ay, by, a;, and by depend on dpe and LT while

g == Qg (dka)’ ba = bo (dkc:), 1 = a1 (dkav mka)v b =b (dkou mka)

If ay # 0 and by # 0, then the lowest-degree term of the expansion of
the function f,(x) has an even degree, equal to two. In this case we
have instability of motion.

For stability of motion it is necessary to make sure that the degree
a, of the lowest-degree term of the function f (x) be odd, and that the
degree f3; of the lowest-degree term of the expansion of ¢,(x) be even,
while at the same time ) > a,.

Taking into account the results obtained earlier, we obtain the
following necessary and sufficient conditions for the stability of the
undisturbed motion of the system (5.1}):

G )= 0, by (de) = 0 (5.2)
ax (dkm mka) <L O, b1 (d]m, m;m) < 0 (53)

We call attention to the fact that it is impossible to fulfill the
condition (5.2) when d,, # 0, and N> 2 in Expression (1.2). Hence, in
order to guarantee stability in this case it is necessary to have N = 2
in Expression (1.2).

The conditions (5.3) and (5.2) connect the parameters of the con-
trolling element with the coefficients of the equations of the object of
control and among them with the coefficients of the nonlinear terms.
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